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With a view to ensure that proper interaction between resolvable or grid scale and subgrid scale (SGS) motions
are mimicked, it is vital to determine the necessary physics that must be built into the SGS models. In ordinary
large eddy simulation (LES) approaches, models are introduced for closure in the low-pass � ltered Navier–Stokes
equations (NSEs), which are the ones solved numerically. A promising LES approach is monotonically integrated
LES (MILES), which involves solving the un� ltered NSE using high-resolution monotone algorithms; in this
approach, implicit SGS models, provided by intrinsic nonlinear high-frequency � lters built into the convection
discretization, are coupled naturally to the resolvable scales of the � ow. Formal properties of the effectual SGS
modeling using MILES are documented using databases of simulated homogeneous turbulence and transitional
freejets; mathematical and physical aspects of (implicit) SGS modeling through the use of nonlinear � ux limiters
are addressed in this context. Comparison of MILES and other conventional LES models applied to free shear
� ows are presented to con� rm that the concept of LES is virtually independent of the SGS model if the resolution
is � ne enough to ensure that the cutoff wave number lies in the inertial subrange, provided that the LES model
can adequately channel kinetic energy out of the resolved scales near the cutoff wave number, to prevent spurious
energy buildup and aliasing.

Introduction

IMPORTANT issues that need to be addressed in numerical sim-
ulationsof free shear � ows in the high-Reynolds-numberregime

relate to the appropriate modeling of the required boundary condi-
tions for � ows developing in space and time in � nite-size compu-
tationaldomain simulations, i.e., supergrid modeling,1 and the un-
resolved subgrid � ow features. Thus, subgrid scale (SGS) models
are requiredto attest the properevolutionof three-dimensionaltime-
dependentdetailsof the resolvableor grid scale (GS) part of the mo-
tion responsible for the primary transport and entrainment. At high
Reynolds numbers of practical interest, direct numerical simulation
(DNS) may not be used to resolve all scales of motion, so that SGS
turbulence modeling becomes unavoidable, while resolving accu-
rately the large scale � ow governing the evolution of coherent � ow
structures. In the traditional large eddy simulation (LES) approach,
cf. Ref. 2, SGS models are explicitly introduced in the low-pass � l-
tered Navier–Stokes equations (NSEs); these include SGS closures
developed in physical space, such as algebraic, one-equationeddy-
viscosity, scale similarity, and differential stress models, of which
the former can be both of nondynamic3 and dynamic nature,4 and
SGS models developedin some adjoint space, such as the renormal-
ization group5 (RNG) or the eddy-dampedquasinormalMarkovian6

(EDQNM) models.
Mathematical and physical constraints of LES implementation

have been the subject of recent studies including LES equations
and commutation errors,7 the role of discretization errors,8 and the
concepts of frame indifference9 and realizability.10 For isothermal
low-Mach-number� ows, the resolvedstructuresappearto be largely
unaffectedby the speci� cs of the SGS models, e.g., Refs. 11 and 12.
In other � ows, the unresolvedsmall-scale physics may be of impor-
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tance in driving the development and maintenance of the three-
dimensional features. Therefore, it is important to determine the
minimal physics that must be included in the SGS models to ensure
that the properinteractionsbetweenGSs andSGSs are appropriately
emulated.

In conventionalLES explicit SGS models are introduced for clo-
sure and to provide a mechanism by which dissipation of kinetic
energy accumulated at high wave numbers can occur. A promis-
ing alternative for high-Reynolds-number � ows involves solving
the NSE with high-resolution monotone algorithms, such as the
� ux-corrected transport (FCT) method or the piecewise parabolic
method (PPM) without explicitly using SGS models, which has
been denoted monotonically integratedLES13 (MILES); with these
methods, nonlinear high-frequency � lters built into the algorithms
provide implicit SGS models, and, thus, explicit SGS models can be
dispensed with. Examples of successful applications of nonmono-
tone, implicitly implemented SGS models have also been reported,
e.g.,Ref. 14.For high-Reynolds-numberfree shear� ows, a rationale
supporting the use of MILES can be given based on the essentially
inviscid features of the vorticity dynamics, which at the smallest
scale is characterized by elongated tubelike (worm) vortices, typi-
cally much thinner than the main � ow scales12 ;15;16; this suggests
thatnearlyinviscidmethodscapableof handlingvorticesin amanner
similar to that of shock-capturing schemes might provide an ef� -
cient computational framework in such � ow regimes. Similar ideas
have been also envisagedas the premise of the contour dynamics,17

for example, and the vorticity con� nement methods, e.g., Ref. 18.
Applications of MILES using PPM have included studies of de-

caying supersonic homogeneous turbulent � ow16 and supersonic
con� ned mixing layers.19 Recent applicationsof MILES using FCT
to freejetshave includedaxisymmetric20 and rectangular21 ;22 con� g-
urationsat moderately high Reynolds number. Convergence studies
and turbulence decay investigations16 indicate that MILES is ca-
pable of capturing the dominant inertial subrange of the energy
spectrum with a self-similar simulated dissipation range. Compara-
tive studies with MILES and other LES models of nonreactive9 and
reactive shear � ows23 suggest that LES results are fairly resilient
to the SGS modeling provided that the cutoff wavelength is within
the inertial subrange. Moreover, turbulent shear � ow MILES stud-
ies based on the Euler equations, e.g., Refs. 12 and 16, suggest that
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some features of the inertial subrange might be independent of the
exact natureof turbulentdissipation,giving further indicationof the
resiliency of high-Reynolds-numberfree shear � ow to the intrinsic
details of the SGS modeling. These results encourage the use of
MILES in the study of high-Reynolds-numberfree shear � ows and
motivate our investigationof the formal properties of the approach
includingcomparisonswith other more conventionalLES schemes.

Governing Equations and the Conventional LES Model
The � uid dynamic model used in the following study is based on

the nonhomogeneouscompressibleNSE.24 The working hypothesis
in conventional LES is the postulate that all dependent variables
can be divided into GS and SGS components, i.e., 8 D N8 C 80. The
resolvable GS components are de� ned as N8 D G ¤ 8, where the
kernel G D G.x; 1/ is any function of x and the width 1 D 1.x/
endowed with the properties

Z
G.x; 1/ d3x D 1; lim

1 ! 0
G.1; x/ D ±.x/

G.x; 1/ 2 Cn.R3/

having compact support in the computationaldomain D having the
boundary@ D and closure D [ @ D. The LES equationsare obtained
by convolving the NSE with G, noticing that

[r; G¤]8 D
³

@G

@1
¤ 8

´
grad 1 C .G8n/@ D

[@t ; G¤]8 D 0

where n is the outward pointing unit normal to @ D (Ref. 25). Fol-
lowing Refs. 7 and 25, it is evident that this lack of commutation
produces additional terms in the LES equations. An order of mag-
nitude analysis (using Taylor series expansions in @k G=@1k ) shows
that these error terms are of O.12/, whereas the SGS models, div B
and div b, are of O.1n¡1/ because B and b are of O.1n/, where
4
3 < n < 2. The conventional LES equations, thus, follow as a � rst-
order approximation,

@t . N½/ C div. N½ Qv/ D 0 (1a)

@t . N½ Qv/ C div. N½ Qv ­ Qv/ D ¡grad Np C div. NS ¡ B/ C N½ Qg (1b)

@t . N½ Qe/ C div. N½ QvQe/ D div. Nh ¡ b/ ¡ Np div Qv C NS ¢ QD C ¼ C " C N½ Q¾
(1c)

where the tilde denotes Favré averaging, ½ is the density, v is the
velocity, p is the pressure,and S D ´ tr DI C 2¹DD , where ¹ D ½º is
the molecularviscosity,´ is thebulk viscosity,and DD D D ¡ 1

3
tr DI

and D D 1
2
.grad v C grad vT /. B D N½.v ­v ¡ Qv­Qv/ is the SGS stress

tensor, g is the speci� c body force, e is the speci� c internal energy,
andh D · grad e,where· is the thermalconductivity.b D N½.eev ¡ Qe Qv/
is the SGS � ux vector, ¼ D p div v ¡ Np div Qv is the SGS pressure
dilatation," D S ¢ D ¡ NS ¢ QD is the SGS dissipation,and ¾ is the non-
mechanical net power.

Models for B, b, ¼ , and " are required to complete the LES equa-
tions and to providefor the interactionbetween the large- and small-
scale components. Following Ref. 26, B and b can be decomposed
into the following: Leonard terms L and I, which are interactions
of resolved eddies to generate small-scale turbulence; cross terms
C and c, which are interactions between resolved and unresolved
eddiesand, thus, energy transfer in eitherdirection,althoughmainly
toward the small-scale eddies; and Reynolds terms R and r, which
are interactions between small-scale eddies producing most of the
energy transfer from the large to the small scales. From mathe-
matical analysis and physical considerations,7;8;10;25 ;27 B (and b)
are known to be Grammian tensors provided that G D G.jxj; 1/,
i.e., G 2 SU.3/, also implying that B 2 Psym, where Psym is the
set of all positive symmetric de� nite tensors. Moreover, because
B and b are frame indifferent,25 they are also isotropic functions
of their arguments. The realizability conditions follows from the
Grammian nature of B, and the necessary and suf� cient conditions

for B 2 Psym can be expressedusing the principal invariants of B,
i.e., 1

2 tr B ¸ 0, 1
2 [.tr B/2 ¡ tr.B2/] ¸ 0, and det B ¸ 0.

The most popular closure models for B and b are based on gradi-
ent hypotheses in which the SGS models assume bijective correla-
tions: B D 2

3 . N½k ¡ ¹k div Qv/I ¡ 2¹k
QDD and b D ¡2·k grad Qe, where

k, ¹k , and ·k are the SGS kinetic energy, eddy viscosity, and dif-
fusivity, respectively, which have to be separately modeled. When
the turbulenceis three dimensional, the Smagorinsky model (SMG)
is often used in which ¹k D cD N½12k QDk and ·k D ¹k=Pr, where Pr
is the turbulent Prandtl number.3 Alternatively, in the one-equation
eddy-viscositymodel (OEEVM) k is obtained directly from a mod-
eled balance equation,28 whereas ¹k D ck N½1

p
k and ·k D ¹k=PrT .

The model coef� cients can be determined from the assumption of
isotropyand a jkj¡5=3 inertial subrangebehavior,but this approach is
questionablein transientsituationsor in theproximityofwall bound-
aries.This providesthe motivationfordynamiceddy-viscositymod-
els, where an attempt is made to evaluate the model coef� cients
dynamically through a second level of � ltering.4 The model co-
ef� cients can also be evaluated using methods based on RNG5

or EDQNM.6 Because of the poor correlation between the exact
SGS stress tensor and the eddy-viscositymodels (as evaluated from
DNS data),26 scale-similarity models29 with B D N½. QQv ­QQv ¡ Qv e­Qv)
and b D N½. QQv QQe ¡ eQv Qe) were suggested. To incorporate SGS diffusion,
this model has been combined with eddy-viscosity models to give
the mixed model of Erlebacher et al.29 In general, the SGS mod-
els satisfy the realizability constraints [the exception is det B ¸ 0
(Ref. 25)] if the model coef� cients are chosen with care.Models for
¼ are not extensively elaborated on,29 although much attention has
been paid to " (Ref. 30).

The LES equations and the SGS model of choice are here
discretized using an unstructured � nite volume method so that
D [ @ D ! T1, where T1 is a partition of D [ @ D into subvolumes
ÄP , of the characteristic size 1, having centroids at xP and face-
area centroids at x f , satisfying the conditions [P .ÄP / D D [ @ D
and \P .ÄP / D ;. Letting

8P D 1

±V

Z

ÄP

8 dV

representthe discreteapproximationto the cell averageof8 over the
Pth cell, Gauss theorem can be used to obtain the semidiscretized
LES equations.These are integrated in time by multistep methods31

to give the fully discretizedLES equations;more precisely this may
be expressed according to

mX

i D 1

"

®i N½n C i
P C ¯i 1t

dVP

X

f

. N½ Qv ¢ d A/n C i
f

#
D 0 (2a)

mX

i D 1

(

®i . N½ Qv/n C i
P C ¯i 1t

dVP

X

f

[. N½ Qv ¢ dA/ Qv ¡ . NS ¡ B/ dA]n C i
f

C ¯i . N½ Qg/n C i
p 1t

)
D ¡¯i .grad Np/n C i

p 1t (2b)

mX

i D 1

(
®i . N½ Qe/n C i

P C ¯i 1t

dVP

X

f

[. N½ Qv ¢ d A/Qe ¡ . Nh ¡ b/ ¢ d A]n C i
f

¡ ¯i . Np div Qv C NS ¢ QD C ¼ C " C N½ Q¾ /P 1t

)
D 0 (2c)

where ®i and ¯i are parameters of the scheme, 1t is the time step,
dVP is the volume of ÄP , and dA f is the face-area vector of face
f of ÄP satisfying [ f .jd A f j/ D @ÄP and \ f .jd A f j/ D ;. Let the
convective � ux functions QfC

f . QvI ¹/ and Qf C
f . QeI ¹/ represent approxi-

mations to the convective � uxes f C
f . Qv/ D .. Qv ¢ d A/ Qv/ f and f C

f . Qe/ D
.. Qv ¢ d A/ Qe/ f ; respectively, and the combined � ux functions Qf D

f . QvI
¹/ and Qf D

f . QeI ¹/ representapproximationsto themixeddiffusiveand
SGS � uxes f D

f . Qv/ D .. NS ¡ B/d A/ f and f D
f . Qe/ D .. Nh ¡ b/ ¢ d A/ f .

Here, ¹ D ¹.P/ represents a set of grid points in a neighborhood
of P . The functional dependenciesof the convectiveand combined
� uxes on the nodal values of the dependent variables, often referred
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to as the functional reconstruction, de� nes the method. Because
the SGS contributions to the conventional LES equations are of
O.1n ¡ 1/ and 1 D O.jdj/, where jdj is the characteristicgrid spac-
ing, the leading-ordertruncationerrorof themodi� ed LES equations
are required to be of O.jdj.n ¡ 1/ C 1/ or the SGS models will be im-
paired. Hence, the spatial discretization should be of second-order
accuracy or higher. For a given accuracy, several possibilities exist
for the � ux functions Qf C

f . QvI ¹/, Qf C
f . QeI ¹/, Qf D

f . QvI ¹/, and Qf D
f . QeI ¹/.

For instance, if a � rst-order functional reconstructionis used for the
convective � uxes, i.e., Qf C

f D Qf C
f . QvI P; N / and Qf C

f D Qf C
f . QeI P; N /,

where N represents the neighbors of P , central difference methods
of second-orderaccuracy are recovered.Also, if the inner gradients
to Qf D

f . QvI ¹/ and Qf D
f . QeI ¹/ are approximated by central differenc-

ing, i.e., Qf D
f D Qf D

f . QvI P; N / and Qf D
f D Qf D

f . QeI P; N /, then second-
order central difference approximations also result for the com-
bined � uxes. For consistency reasons, the time integration should
be carriedout usinga second-orderaccuratemethod such as Crank–

Nicholson. The resulting discretized equations can then be solved
using different techniques depending on other aspects of the � uid
dynamic problem to be investigated.

MILES Model
In constructinga mentalpicturesupportingMILES, we recognize

that slender, tubelike vortices, observed in DNS and LES studies,
e.g., Refs. 12, 15, and 16, characterize the vorticity dynamics of
high-Reynolds-numberfree shear � ow at the smallest scale; when
these worm vortices are much thinner than the main � ow scales,
we expect that details of the internal vortex structure will not be
signi� cant and that the dominant dynamical features will involve
only the strengths and positions of their centerlines. In addition,
we note that for high-Reynolds-number important vortex interac-
tion mechanisms, such as vortex merger and reconnection,occur on
convective timescales shorter than the diffusive timescales and are,
thus, essentially inviscid. However, a minimal nominal diffusion is
required to trigger vortex merger or reconnectionprocesses, which
cannot occur in an inviscid � uid. For such � ows, we conjecture that
methods that will handle vortices in a manner similar to shocks will
provide an ef� cient computational framework.

The traditional approach in Eulerian shock capturing methods,
which attempt to represent the movement of a shock or a dis-
continuity, usually being much thinner than one cell, is to intro-
duce arti� cial viscosity to damp spurious oscillations in regions
of sharp gradients, thereby spreading the discontinuity over dis-
tances that can be resolved on the grid, as overshoots and under-
shoots are damped. Because arti� cial viscosity is typically needed
only near discontinuities,it should depend directly on the evolving
solution, being larger near discontinuities than in smooth regions.
Furthermore, the arti� cial viscosity is required to vanish as 1 ! 0
and 1t ! 0, so that it remains consistent with the partially hyper-
bolic nature of the NSE. From a numerical point of view, the SGS
viscosity in eddy-viscosity-typemodels has similar properties and
effects.

Because the main goal of LES is to accurately simulate the be-
havior of the three-dimensionaltime-dependentdetails of the large-
scale energy containing eddies, high-resolution methods are re-
quired. The term high resolution applies here to methods that are at
least second-order accurate on smooth solutions and yet give well-
resolved, nonoscillatorysolutions in the vicinity of steep gradients.
However, according to Godunov,32 there are no linear second-order
or higher-ordermethods that guaranteemonotonicity, and therefore
nonlinear monotone-preserving methods must be used. The fun-
damental feature of such methods is that they use nonlinear � ux
limiting or � ux correcting in an attempt to maintain high resolution
at the same time that monotonicity is guaranteed.

In MILES, the NSE can be discretized using the same unstruc-
tured � nite volume method as used for the LES Eqs. (1), and these
are integrated in time by the same multistep method:

mX

i D 1

"
®i ½

n C i
P C ¯i 1t

dVP

X

f

.½v ¢ d A/n C i
f

#
D 0 (3a)

mX

i D 1

(
®i .½v/n C i

P C ¯i 1t

dVP

X

f

[.½v ¢ d A/v ¡ S d A]n C i
f

C ¯i .½g/n C i
p 1t

)
D ¡¯i .grad p/n C i

p 1t (3b)

mX

i D 1

(

®i .½e/n C i
P C ¯i 1t

dVP

X

f

[.½v ¢ d A/e ¡ h ¢ d A]n C i
f

¡ ¯i .p div v C S ¢ D C ½¾ /P 1t

)
D 0 (3c)

Similarly, the convective� ux functions QfC
f .vI ¹/ and Qf C

f .eI ¹/ rep-
resent approximationsto the convective� uxes fC

f .v/ D [.v ¢ d A/v] f

and f C
f .e/ D [.v ¢ d A/e] f , and the � ux functions Qf D

f .vI ¹/ and
Qf D
f .eI ¹/ represent approximations to the viscous and diffusive

� uxes f D
f .v/ D .Sd A/ f and f D

f .e/ D .h ¢ d A/ f . A fundamentaldif-
ferencebetweenconventionalLES and MILES, apparentfrom com-
paringEqs. (2) and (3), is that the nodalvaluesof the dependentvari-
ables in the conventionalLES model are obtained from successive
� ltering and cell averaging,

N8P D
1

±VP

Z

ÄP

.G ¤ 8/ dV

whereas in MILES they are obtained from cell averaging only:

8P D 1

±VP

Z

ÄP

8 dV

However, in practical LES implementation the pre� ltering has no
explicit effect on the variables that are solved for because this � lter-
ing operation is performedwhen deriving the LES equations,which
are then to be discretized. The pre� ltering has the indirect effect of
producingunresolvedtransportor SGS terms that requireadditional
closuremodeling, thus affecting the equationsto be solved and their
solution. It may then be argued that the cell averaging is a builtin
� ltering procedure using essentially a top-hat kernel.

For � ux-limiting methods, we choose a high-order convective
� ux function Qf H

f that works well in smooth regions and a low-order
convective� ux function Qf L

f (typically some unconditionallymono-
tone method such as upwind differencing) that behaves well near
discontinuities.We then attempt to hybridize these two into a single
� ux function in such a way that Qf C

f .8I ¹/ reduces to Qf H
f .8I ¹/

in smooth regions and to Qf L
f .8I ¹/ near discontinuities. Mathe-

matically,

Qf C
f .8I ¹/ D Qf L

f .8I ¹/ C 0.8I ¹/
£ Qf H

f .8I ¹/ ¡ Qf L
f .8I ¹/

¤
.4/

where 0.8I ¹/ is the � ux limiter. If the � eld 8 is smooth near
8P , then 0.8I ¹/ should be near unity, whereas in the vicinity of a
discontinuity,we require 0.8I ¹/ to be near zero. Note that

Qf C
f .8I ¹/ D Qf H

f .8I ¹/ ¡ [1 ¡ 0.8I ¹/]
£ Qf H

f .8I ¹/ ¡ Qf L
f .8I ¹/

¤

.5/

One of the earliest high-resolution methods, the FCT method33

can be viewed as a � ux-limiter method. The correction term
[ Qf H

f .8I ¹/ ¡ Qf L
f .8I ¹/] is referred to as the antidiffusive � ux be-

cause the low-order � ux contains too much diffusion for smooth
data and the correction compensates for this. The FCT strategy is
to incorporate as much as possible of the antidiffusive � ux without
violating causality, positivity, and monotonicity.

Historically, monotonicity preserving methods are associated
with the property that, if a dependent variable 8 is monotone as
a function of x at time t, it should be monotone at all consecutive
times. For an arbitrary unstructuredgrid, this may be formulated: if
.grad 8/n

f ¢ d ¸ 0 for all f , then .grad 8/n C m
f ¢ d ¸ 0 for all f and

m ¸ 1 (Ref. 34). For instance, for a method satisfying this criterion,
oscillationscannot arise near an isolated propagating discontinuity.
Anotherusefuland frequentlyused constrainton numericalmethods
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is based on total variation (TV) stability, which for any conserva-
tive and consistentmethod is enough to guaranteeconvergence,i.e.,
infk8n ¡ !k1;T ! 0 as 1t ! 0, where ! is a weak solution to the
governing equation of 8 and k¢k1;T is a 1-norm over a � nite time
interval [0, T] (Ref. 35). In the case of an arbitraryunstructuredgrid,
the TV may be de� ned by

TV.8n/ D
X

f

­­.grad 8/n
f ¢ d

­­

The class of total variation diminishing (TVD) methods is based on
the requirement that the TV is nonincreasing as time evolves, so
that the TV is uniformly bounded by the TV of the initial data, i.e.,
TV.8n C 1/ · TV.8n/, or more precisely

X

f

­­.grad 8/n C 1
f ¢ d

­­·
X

f

­­.grad 8/n
f ¢ d

­­

From these de� nitions it is evident that the appearance of oscilla-
tions increases the TV, and by � nite-domain-of-dependence argu-
ments, we may concludethat any TVD method is also monotonicity
preserving.

In contrastwith the global constraints imposed by TVD methods,
weaker constraints result from requiring that a dependent variable
8 should be instantaneously and locally monotone as a function
of x. Because of their inherently less diffusive nature, local mono-
tonicity contraints appear to be more attractive choices in devel-
oping MILES schemes. For a structured grid, local monotonicity
constraints can be derived from the convective boundedness crite-
rion (CBC), � rst introduced by Gaskell and Lau,36 proposing that
8i j ¡ 1k · 8i jk · 8i j C 1k . A generalizationof this procedure to arbi-
trary unstructuredgrids has been derived by Darwish,37 which may
be improved by using gradients of the dependent variable so that,
if the normalized variable is de� ned by #P D 1 ¡ 1

2 [.grad 8/ f ¢ d]=
[.grad 8/P ¢ d], the CBC becomes 0 · #P · 1. This can be reinter-
preted in the normalized variable (NV) diagram36 displaying # f as
a function of #P . Thus, for 0 · #P · 1, #P is bounded below by
the function # f D #P and above by unity, and it passes through the
points (0, 0) and (1, 1); for #P < 0 and #P > 1, # f is equal to #P .

Figure 1a shows representative basic convective � ux functions
on the NV diagram. It is evident that only � rst-order (upwind)
methods ensure local and instantaneous monotonicity, although
being far too diffusive, whereas second- or higher-order methods
are less diffusive but susceptible to nonlinear oscillations, which
is manifested in their inability to preserve monotone pro� les, cf.,
Godunov.32 A strong candidate for the low-order numerical � ux
function used in Eq. (4) or (5) is, therefore, the � rst-order accurate
upwind method of Courant et al.38 The concept of normalized vari-
ables and the associated NV diagram provides us with a tool with
which we can investigate the ability of numerical � ux functions to
ensure local and instantaneous monotonicity. Figure 1b shows se-
lected convective � ux functions that can be cast into form (4) or
(5) based on the following different � ux limiters: 1) the minmod
limiter 0 D max[0; min.1; 2r/], where r D #¡1

P ¡1 (Ref. 34); 2) the
van Leer limiter 0 D .jr j C r/=.1 C jr j/ (Ref. 39); 3) the superbee
limiter 0 D 1

2 max[0; min.2r; 1/; min.r; 2/] (Ref. 39); 4) the FCT
limiter33; and 5) the gamma limiter 0 D 1

2 [.1 ¡ #P =k/sgn.#P ¡
k/ C .#P=k/sgn #P ¡ sgn.#P ¡ 1/] (Ref. 40), for which a recom-
mended value is k ¼ 0:1 and being fully TVD conservative for
k D 0:5. All of these limiters satisfy the conditions for local and
instantaneousmonotonicity,but only the minmod and superbeelim-
itersareTVD conformative,indicatingthat convective� ux functions
based on the latter are more diffusive than convective � ux functions
based on the FCT or gamma limiters; in addition,only the FCT and
gamma limiters provide a smooth transition between Qf H

f and Qf L
f .

Explicit and Implicit SGS Turbulence Models
In the conventional LES, SGS models are explicitly introduced

for closure in the low-pass � ltered NSE (1), whereas in MILES, the
effects of the SGS � ow physics on the GS � ow are included into the
convective � ux functions. In what follows, the modi� ed equations
from both approaches will be analyzed. To facilitate this investi-
gation we focus on comparing two models: 1) a conventionalLES
model, discretizedaccordingto Eq. (2), using three-pointbackward

a) NVD diagram without � ux limiters

b) NVD diagram with � ux limiters
Fig. 1 Boundedness or monotonicity criterion in the NV diagram
for different functional reconstruction methods for the convective � ux
functions.

time integration, a � rst-order functional reconstructionfor the con-
vective � uxes, and central difference approximations of the inner
gradients in the combined � uxes and an ordinary eddy-viscosity
model3 and 2) a MILES model, discretized according to Eq. (3),
also using three-point backward time integration, convective � ux
functions based on Eq. (5), where the high-order convective � ux
functionsuse � rst-orderfunctionalreconstructionand the low-order
convective � ux functions use upwind differencing, and central dif-
ference approximationsof the inner gradients in the viscous � uxes.
The main difference between the LES and MILES models lies in
the treatment of the convective � ux functionsand the use of explicit
eddy-viscosity-typeSGS models for the conventionalLES model.

For conventional LES, the modi� ed equations are derived from
Eq. (2) and the successivereplacementof the chosen convectiveand
combined � ux functions and difference formulas by higher-order
� ux functions, difference formulas, and the correspondingleading-
order truncation errors. Similarly, the time integration is replaced
by the Crank–Nicholson method. Hence,

@t . N½/ C div. N½ Qv/ D 1
3
1t3

t @t . N½/ C div.G grad.grad N½// C ¢ ¢ ¢ (6a)

@t . N½ Qv/Cdiv. N½ Qv/ ­Qv D ¡grad NpCdiv. NS¡B/C N½ QgC 1
3
1t 2@3

t . N½ Qv/

C div. N½[G grad.grad v/]/ C div.¹G grad.div.grad Qv/// C ¢ ¢ ¢
(6b)

@t . N½ Qe/ C div. N½ Qv Qe/ D div. Nh ¡ b/ ¡ Np div Qv C NS ¢ QD C ¼ C " C N½ Q¾

C 1
3 1t3

t @t . N½ Qe/ C div. N½G grad.grad Qe//

C div.·G grad.div.grad e/// C ¢ ¢ ¢ (6c)

where G D 1
6
.d ­d ­v/, G D 1

12
.d ­d/, and [ ] represents the sym-

metrizationoperator.Hence, the leading-ordertruncationerror is of
O.1t 2; jdj2/ and for small Courant numbers (typical of LES and
DNS) the transient contribution can be neglected, which indicates
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that second-order dispersion and third-order dissipation dominate.
Similar treatment of the MILES Eqs. (3) and (5) yields

@t .½/ C div.½v/ D 1
3 1t 3

t @t .½/ C div.G grad.grad ½// C ¢ ¢ ¢ (7a)

@t .½v/ C div.½v ­v/ D ¡grad p C div S C ½g C 1
3 1t 2@3

t .½v/

C div.½.v ­r C r ­v C r ­r/ C ½[G grad.grad v/]/

C div.¹G grad.div.grad v/// C ¢ ¢ ¢ (7b)

@t .½e/ C div.½ve/ D div h ¡ p div v C S ¢ D C ½¾

C 1
3 1t 3

t @t .½e/ C div.½rv C ½G grad.grad e//

C div.·G grad.div.grad e/// C ¢ ¢ ¢ (7c)

where r D ¯ (grad v/d, r D ¯ (grad e ¢ d/, and ¯ D 1
2
.1 ¡ 0/ sgn..v ¢

d/=jdj/. Thus, the leading-order truncation error is of O.1t2; jdj/,
and for small Courant numbers � rst-order dissipation dominates if
0 6D 1, i.e., in points where the � ux limiter is activated; otherwise,
second-orderdispersionand third-orderdissipationdominateso that
the leading-order truncation error is of O.1t 2; jdj2/.

Comparison of the modi� ed equations from the LES model (6)
with the modi� ed equationsfrom the MILES model (7) implies that
the leading-ordertruncationerror in the MILES modelmay formally
replace the explicit SGS model in the conventional LES model. In
MILES, we may, thus, interpret the leading-order truncation error
as implicit, or built-in SGS models, i.e.,

B D ¡½.v ­r C r ­v C r ­r/; b D ¡½.rv/ .8/

with theirbehaviorbeinggovernedby the � ux limiterand its intrinsic
properties.Note that the term ¼ C " in the conventionalLES model
(6) does not have a true counterpart in the MILES model unless it
is lumped into the SGS � ux. To facilitate the following discussion
we may rewrite Eq. (8) as

B D ¡½f¯[.v ­d/.grad v/T C .grad v/.v ­d/T ]

C ¯2.grad v/d ­.grad v/dg D ¡½.CLT C LCT C ¯2Ld ­Ld/

(9a)

b D ¡½¯.v ­d/grad e D ¡½C grad e (9b)

where C D ¯.v­d/ and L D grad v. The expressionsfor B and b are
of a more general tensorial form than those of the eddy-viscosity
expressions used in the conventional LES models. Here, the SGS
stress tensor consists of two terms: B.1/ D ¡½.CLT C LCT / and
B.2/ D ¡½¯2Ld ­Ld, of which the former is a generalized eddy-
viscosity model with C being a second-rank eddy-viscosity tensor
and the latter is of a form similar to that originally suggested by
Leonard.41 The term B.2/ is also essentially equivalent to the rep-
resentation of B in the scale-similarity model of Bardina et al.,42

which often is used together with an eddy-viscosity model in a
mixed model.29 Recently, Borue and Orszag43 examined some sta-
tistical properties of the SGS stress tensor, the local energy � ux
and the velocity gradients, and concluded that a tensorial term of
the form B.2/ greatly improved the correlations between the exact
and modeled SGS stress tensor. The functional form of Eq. (9a)
also permits the eigenvectors of B to be different from those of
D, possibly alleviating some of the limitations of the scalar-valued
eddy-viscosity model B D 2

3
½kI ¡ ¹k .L C LT /. To facilitate com-

parisonof differentSGS models, we introducean equivalentscalar-
valued viscosity by contracting B with the rate-of-strain tensor D
so that ¹¤ D 1

2 B ¢ D=kDk2 . Furthermore, the frame indifference re-
quirementsimply thatB (and b) shouldbe frame indifferent;because
Qv¤ D Pc C Q Qv C PQQx, it follows that QL¤ D Q QLQT C PQQT and d¤ D Qd.
From this it is apparent that neither b nor B is frame indifferent.
However, it canbe veri� ed that these are invariantunder the Galilean
group of transformations.25 Moreover, to determine the necessary
physics that should be built into the � ux limiter, we may consider
the necessary and suf� cient conditions for B 2 Psym resulting in
the inequalities

C ¢ L C ¯ j Ld2 ¸ 0 (10a)

1
4 [C ¢ L C ¯ j Ld2]2 ¸ tr[.CLT C LCT C ¯Ld ­Ld/2] (10b)

¯3 det.CLT C LCT C ¯Ld ­Ld/ · 0 (10c)

These constraints may be satis� ed by a suitable choice of 0; i.e.,
existing � ux limiters can be investigated in the light of Eq. (10),
or alternative limiters can be explored using Eq. (10) in conjunc-
tion with conventional numerical considerations. For an arbitrary
� ux limiter, the implicit SGS model does not satisfy all constraints
imposed by frame indifference, realizability, symmetry, and non-
negative dissipation of SGS kinetic energy, but by some choice of
0, these constraints may be satis� ed.

Forced Homogeneous Isotropic Turbulence
For homogeneous isotropic turbulence, the speci� c body force g

can be used to create random forcing of the large-scalemotion. The
forcing must maintain a steady spectrum and allow the collection
of statistical correlations. Several forcing schemes have previously
been adopted for this purpose, cf., Ref. 44; however, because we
need to represent particular length scales and velocity distributions
corresponding to the DNS data of Jiménez et al.,15 a more versa-
tile method is needed. Here, the forcing scheme of Eswaran and
Pope45 is used, in which g.k; t/ D P.k/w.k; t/[2.k/ ¡ 2.k ¡ kF /],
where 2 is the step function, P.k/ D I ¡ jkj¡2.k ­k/, and w.k; t/
is a vector-valued Uhlenbeck–Ornstein process characterized by
hw.k; t/ ­w¤.k; t C s/i D 2¾ 2 exp.¡s=¿ /I in the equilibriumlimit.
Four parameters are introduced: the amplitude ¾ , the timescale ¿ ,
and the wave numbers kL and kF . The statistical properties of the
turbulencecan be in� uenced by the featuresof the driving;however,
values for kL and kF are selected so that only the largest scales are
driven.The initial velocity � eld is given by superimposing Fourier
modes having a prescribed energy spectrum but random phases.

The numerical methods used here are based on Eqs. (2) and
(3), but with the continuity Eqs. (2a) and (3a) replaced by discrete
Poisson equations for pressures Np and p depending on if the con-
ventional LES model or the MILES model is used. To guarantee
conservationof mass, the momentum Eqs. (2b) and (3b) are solved
for Qvn C m

P and vn C m
P , the face interpolatesof which are used to calcu-

late the face � uxes QF f D . Qv ¢ d A/ f and F f D .v ¢ d A/ f . Eliminating
the face interpolates Qvn C m

f and vn C m
f betweenEq. (2a) and Qvn C m

P and
between Eq. (3a) and vn C m

P results in discretizedPoisson equations,
which for the conventional LES model (2) implies that Eq. (2a) is
replaced by
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and for the MILES model (3) this implies that Eq. (3a) is replaced
by
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where aP , aN , and bP are matrix coef� cients. The discretized eq-
uations, NUn C m

P D H. NUn C i
P I ¹; i 2 [1; m]/ and Un C m

P D H.Un C i
P I ¹;

i 2 [1; m]/, where NU D [ Np; Qv; Qe]T and U D [p; v; e]T , respectively,
are solved using a segregatedapproach leadingto a Courantnumber
restriction; it is found that a maximum Courant number of 0.2 gives
satisfactory numerical stability and temporal accuracy.
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LES has been carried out for two Taylor Reynolds numbers,
ReT D 96 and 305, corresponding to bulk Reynolds numbers of
O.5 £ 103/ and O.50 £ 103/, respectively, using two conven-
tional LES models and two MILES models. In the � rst LES
model we use the SMG model, resulting in the effective viscos-
ity ¹eff D ¹ C cD N½12k QDk, where cD D 0:02, and in the second we
use the dynamic SMG model (DSMG)4 in which the model coef-
� cient cD is evaluated dynamically using information from the re-
solved� ow. To preventnumerical ill conditioningin the DSMG, the
nominatorand denominatorin the expressionfor thedynamicmodel
coef� cientare averagedover homogeneousdirections,in essencere-
moving the spatial dependenceof the coef� cient so that cD D cD .t/.
The choice of LES models is based on a previous study,12 and they
are selected to be representative of simple and well-documented
models applicable to engineeringproblems in complex geometries,
as well as state of-the-artmodels.The � rstMILES model is basedon
the Euler equations(MILES-EU), i.e., we consideronly convection
and assume that the � ow can be regarded as virtually inviscid and
isothermal so that ¹eff D ¹k , where ¹k is the scalar-valued charac-
teristic viscosityof the FCT scheme; in the second model (MILES),
we include the molecular viscosity so that ¹eff D ¹ C ¹k , but we
neglect thermal effects, taking advantageof the virtually isothermal
nature of the � ow.

Figures 2a and 2b show the mean energy spectra E D E .jkj/
for ReT D 96 and 305, respectively, together with the Driscoll and
Kennedy(DK) spectrum46 and, for ReT D 96, the DNS energy spec-
trum of Jiménez et al.15 after about 10 eddy turnover times. Wave
numbersare nondimensionalizedwith grid wavenumber,andnondi-
mensionalization of the energy density involves the mean energy
dissipationrate computed in the simulations.The energy spectra are
based on averaging over 25 spectra evaluated at instants well sepa-
rated in time so that they can be consideredstatisticallyindependent.
In addition,it has beenveri� ed that there is nomonotonictrendin the
GS or SGS kinetic energy and so we may assume that a statistically
steady state has been attained. To con� rm that without (explicit or
implicit) SGS models the energy decay is not well captured,simula-
tions without such models, so-called underresolvedDNS (UDNS),
(using central-differenceconvectiondiscretization) were performed
on both the 323 and 643 grids. Figure 2a shows that the slope of the
energy spectra for UDNS near the end of the inertial subrange is too
low, so that energy tends to accumulateat the higher wave numbers.
This indicates that the presence of an adequate (implicit or explicit)
SGS model is required to ensure the correct distribution of energy
on the grid scales. It also demonstrates that numerical diffusion
from the central-difference convection discretization is negligible
in comparison to the diffusion of the SGS models considered.

For the ReT D 96 case (shown in Fig. 2a) having only a short in-
ertial range, the energy spectra are found to depend on the effects of
the SGS model only toward the high-wave-numberend of the iner-
tial range and into the viscous subrange, which is in contrast to the
energy spectra resulting from UDNS. All LES models, irrespective
of SGS model and the spatial resolution, appear to reproduce the
low-wave-number part and the inertial range of the spectrum satis-
factorily, and no signi� cant differences between the different SGS
models can be detectedusing this information.The spectra from the
323 LES end near the high-wave-number end of the inertial sub-
range, indicating that only a small fraction of the kinetic energy is

Table 1 Nominal parameters for the forced homogeneous isotropic turbulence cases

Simulation Grid ReT ¸I , m ¸I , m jhvrmsij, m/s k=hkia "=h"ia

DNS15 2563 96 1.37 0.312 0.61 —— ——
SMG 323(643) 96(95) 1.41(1.39) 0.314(0.316) 0.57(0.56) 0.04(0.04) 0.50(0.51)
DSMG 323(643) 95(96) 1.39(1.38) 0.316(0.315) 0.56(0.57) 0.04(0.04) 0.50(0.51)
MILES-EU 323(643) 94(95) 1.33(1.31) 0.312(0.309) 0.54(0.56) 0.03(0.03) 0.48(0.50)
MILES 323(643) 95(96) 1.36(1.36) 0.312(0.311) 0.57(0.57) 0.04(0.04) 0.50(0.51)
SMG 323(643) 305(304) 1.71(1.72) 0.232(0.234) 2.49(2.46) 0.21(0.18) 3.12(3.01)
DSMG 323(643) 303(303) 1.69(1.71) 0.233(0.236) 2.46(2.43) 0.23(0.17) 3.17(2.67)
MILES-EU 323(643) 307(305) 1.65(1.75) 0.225(0.232) 2.48(2.47) 0.16(0.17) 3.11(2.15)
MILES 323(643) 305(306) 1.73(1.72) 0.232(0.233) 2.49(2.48) 0.20(0.14) 3.11(3.11)

aEstimates of k=hki and "=h"i are based on evaluating the integrals de� ning k and e using DNS data or the DK spectra, depending on turbulent Reynolds
number over the unresolved part of the wave number range.

within the unresolved� ow (Table 1). Toward the high-wave-number
end of the energy spectra, i.e., for ¸I jkj ¸ 6, viscous effects begin to
emerge in the 643 LES, so that the decay of E.jkj/ increasesat about
the same rate as does the DNS spectrum until the spectra abruptly
expire. For the 643 resolution, about 98% of the total kinetic en-
ergy is within the resolved � ow. Results from the ReT D 305 case,
identi� ed by a well-developed inertial subrange (as evident from
Fig. 2b), suggest that, for the 323 LES, around 20% of the kinetic
energyresideswithin the unresolvedscales, and for the 643 LES this
amount decreases to about 12% (Table 1). Although all LES models
investigated were found to reproduce the Driscoll and Kennedy46

spectrum reasonably well, some differences may be detected. In
particular, it should be observed that both MILES and MILES-EU
underpredict the magnitude of the energy spectra at the coarse 323

resolution, whereas both SMG and DSMG still give good results.
However, all models predict the slope of the energy spectra well so
that it coincides with the expected k¡5=3 slope, as found in the DK46

spectrum. For the 643 resolution all models behave equally well.

a)

b)

Fig.2 Large-scale normalizedenergy spectra from different LES mod-
els at a) ReT = 96 and b) ReT = 305 compared to spectra from DNS15 and
from the theoretical spectra of Driscoll and Kennedy.46
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Based on the energy spectra, we can evaluate the following
characteristic � ow quantities: the rms-velocity � uctuations vrms D
h. Qv ¡hQvi/2i1=2 , the Taylor microscale ¸T D .hv2

rmsi=hk QLk2i/1=2 , the
mean kinetic energy

hki D
1

2
hv2i D

Z 1

0

E.k; t/ d k D
1

2
hQv2i C k

where 1
2
hQv2iis the resolvablekinetic energy and k is the SGS kinetic

energy, and the mean effective dissipation rate

h"i D 2ºhkDk2i D 2º

Z 1

0

k2 E .k; t/ d k D 2ºhk QDk2i C "

where " is the SGS dissipation and 2ºhk QDk2i is the resolvable dis-
sipation. Comparison of these integral quantities in Table 1 shows
that they are well reproduced by all LES models.

To clarify the relative importance of the SGS models on the
macroscopic � ow structures, cumulative distribution functions
(CDFs) of the resolvable vorticity magnitude j Q!j are shown in
Figs. 3a and 3b for ReT D 96 and 305, respectively. For compari-
son purposes, these are overlaid with CDFs of the raw vorticity
magnitude j!j from the DNS studies of Jiménez et al.15 Because
there is no other comparable data at ReT D 305, we have chosen
to include the DNS data at ReT D 168 (highest Reynolds number
available) as suitable reference in Fig. 3b. The CDFs represent the
volume fraction occupied by values of a quantity above a given
threshold level. To enhance the difference in performance between
SGS models, as well as the deviation from DNS, Fig. 3 presents the
CDFs in semilogarithmic format. Note that the tails contain only
small fractions of the total volume, and if these diagrams were to
be presented in linear format, then LES and DNS results would ap-
pear virtually indistinguishable. It is also clear that the LES mesh
resolution used here is not � ne enough to capture the small-scale,

a)

b)
Fig. 3 CDFs of vorticity magnitude j Ä! j for the various LES models
overlaid with DNS data of Jiménez et al.15: a) ReT = 96 and b) ReT = 305.
(Note that DNS data in this case correspond to ReT = 168; cf. Ref. 15.)

high-intensity vortical structures embedded in the weaker vorticity
backgroundof lower intensity.In supportof this,we observethat the
643 LES displays longer tails than the 323 LES but still shorter tails
than theDNS. Moreover, there seems to be a signi� cant spread in the
predictions of j Q!j depending on the SGS model used; at ReT D 96,
DSMG shows the best agreement with DNS data at the 323 resolu-
tion, whereas MILES shows the best agreement with DNS data at
the 643 resolution. At ReT D 305 the spread appears to be larger, in
particular for the lower resolution, and again the same models show
the best agreement with DNS data at both resolutions. From these
results it appears that the predictive capability of the MILES model
is more sensitive to spatial resolution than conventional LES, e.g.,
using SMG. On the other hand, the MILES-EU model performs
well on both resolutions.This difference may re� ect on the lack of
molecular viscosity with MILES-EU, for which lower overall ef-
fective viscosity is thus involved. The distributions of j Q!j are far
from Gaussian, although the LES data are more Gaussian than the
DNS data and display few signs of converging to a limit distribu-
tion for large turbulenceReynolds number. Most of j Q!j is contained
in a weak background that would not affect low-order statistical
moments, although it will dominate high-order moments.

For completeness,Fig. 4 shows theCDFs for the resolvablerate of
strain k QDk together with the raw rate of strain from the DNS of
Jiménez et al.15 Again, it is clear that the distributions are far from
Gaussian,with the DNS data being less Gaussian than the LES data,
and it is also clear that the DNS have a more pronouncedtail than the
LES data.As observedin Fig. 3, the mesh resolutionin LES does not
support the resolution of the intense � ow structures associatedwith
worm vortices.This is again supportedby the longer tails of the 643

LES as compared to the 323 LES, both having shorter tails than the
DNS. Also apparentfromFigs. 3 and4 is that the volumefractionsof
j Q!j in the unresolvedstructures are larger than in the corresponding
volume fractionsof k QDk. This suggests that the latter are associated
with larger spatial scales than the former. From Figs. 3 and 4 we may

a)

b)
Fig. 4 CDFs of the rate of strain kk ÄD kk for the various LES mo-
dels overlaid with DNS data of Jiménez et al.15: a) ReT = 96 and b)
ReT = 305. (Note that DNS data in this case correspond to ReT = 168.)
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a) SMG at ReT = 305

b) MILES at ReT = 305
Fig. 5 Isosurfaces of the vorticity magnitude(lighter-shaded surfaces),
with j Ä! j = 3

2 h j Ä! j i / Ä!rms and SGS viscosity ºk at ºk /º = 3:0.

conclude that the concept of LES seems to be independent of the
SGS model if it can smoothly channel the kinetic energy out of the
wave numbers close to the cutoff wave number to prevent aliasing;
hence, the SGS model must be active at the correct locations. The
observation that the best agreementwith DNS data is obtained with
DSMG on the 323 resolutionbut with MILES on the 643 resolution
is further corroboratedby these results.

Figure 5 shows isosurfaces of j Q!j at the level j Q!j D 3
2
hj Q!j i= Q!rms

and the SGS viscosity ºk D ¹k=½ at the level ºk=º D 3:0 for SMG
and MILES at ReT D 305. The particular values selected for the
isosurfaces of ºk correspond to the peaks in the probability density
functionsof the SGS viscosity,as shown in Fig. 6. Coherentvortical
structures,sometimes referred to as fat worms, are present in the re-
solved � ow independentlyof the SGS model. Such structures have
been reported for LES of homogeneous isotropic turbulence,47;48

and in DNS similarbut thinnerstructures,worms, are often reported.
Also, Vincent and Meneguzzi49 have observed fat worms similar to
those predicted by LES in � ltered DNS data. Clearly, such worms
cannot be properly resolved in LES and are, thus, replaced by fat
worms, and it therefore appears reasonable that the observed pres-
ence of the coherentelongatedvortices is a realisticpredictionbased
on the exact or pre� ltered NSE. Hence, Q! appears in coherent � la-
ments stretched and intensi�ed by the resolved rate of strain QD. Al-
though the differentSGS models result in somewhat differentCDFs
j Q!j, of they all reproduce the correct behavior, with DSMG and
MILES offeringthe best comparisonwith DNS at ReT D 96. Most of
the volume is occupiedby relativelyweak vorticity with strong vor-
tices � lling only a small fractionof the computationalbox. Of these,
only a fraction have a diameter large enough to be resolved in LES.
The structure of the resolved vorticity implies that weak and strong
vortices have distinct topology; whereas there is no evident struc-
ture in the low-intensity regions, the high-intensity regions tend to

a) ReT = 96

b) ReT = 305
Fig. 6 PDFs of the explicit and implicit SGS viscosity ºk, from the
various LES models.

be organized mostly in tubes. Such structures, which have a Gaus-
sian radial distribution, are found to appear on the edges of regions
that are almost uniform in velocity.Furthermore, similar to the situ-
ation in DNS, interferencesbetween � ow structures seem to create
shear layers, which may roll up into vortex tubes.

The distribution of ºk or º¤ D ¹¤=½ for the MILES and MILES-
EU models is of interest to differentiatebetween differentLES mod-
els, but also to enhanceour present understandingof the underlying
physics. As indicated by Fig. 5, the spatial distribution of the SGS
viscosity for MILES and a conventionalLES model, such as SMG,
are distinctlydifferent. The MILES implicit SGS viscosity is found
to be rather uncorrelated with the coherent structures, whereas for
most conventionalLES models the explicit SGS viscosity tends to
peak between closely spaced tubular structures that are regions ex-
periencing large strain and vortex stretching (see also Ref. 12). A
positive SGS viscosity implies that energy is transferred from re-
solvable structurestoward small unresolvedstructuresvia a cascade
process (outscatter), whereas a negative SGS viscosity implies that
energy is transferred in the opposite direction by a reverse cascade
process,i.e., backscatter.Backscattermay become importantwhen a
large amount of turbulentkinetic energy is present in the unresolved
scales, i.e., when the spatial resolution is marginal, as is usual when
LES is applied to a more complex � ow, which here is emulated with
the lower spatial resolution. In addition, in these circumstances,
anisotropy effects may also become increasingly important, and so
the SGS models should be able to accomodate both � ow and grid
anisotropies.

In Fig. 6, instantaneous probability density functions (PDFs) of
ºk and º¤ at ReT D 96 and 305 are shown normalizedwith the molec-
ular viscosity º. The SMG result in PDFs of similar shape but with
different domains of dependence. More precisely, PDFs resulting
from SMG are shifted toward higher values of the SGS viscosity,
whereas PDFs from DSMG are shifted toward lower values of the
SGS viscosity. In fact, a very small fraction of negative values of
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the SGS viscosity, indicating backscatter, is observed for DSMG
for both turbulence Reynolds numbers. The PDFs from the MILES
models are found to be distinctly different: MILES-EU results in
a narrow distribution of SGS viscosity, whereas MILES results in
a wider distribution, similar to but narrower than that of the SMG
model. From this we conclude that, although the generic form of
SGS viscosity is the same for MILES-EU and MILES, the distribu-
tion of SGS viscosity is different.This difference is probably due to
the presenceof the molecularviscositycausingadditionalspreading
of steep gradients,which in turn affects the � ow� eld.

MILES of Transitional Freejets
Next we focus on modeling the transition to turbulence in a free

square jet evolving from laminar initial conditions.The jet is initial-
ized with a thin square vortex sheet having slightly rounded-offcor-
ner regions and uniform initial momentum thickness.22 This models
the problem of a laminar jet emerging from a sharp-edged ori� ce
nozzle,where the initialshear layershavevirtuallyuniformzeromo-
mentum thickness and the sharpness of the jet corners is smoothed
out immediatelydownstreamof thenozzledue to diffusion.For such
ori� ce jets, the role of boundary layers is minimal and is reduced to
contributing to the de� nition of the thin vorticity thickness.

The three-dimensional jet model is based on the solution of the
nonhomogeneous compressible NSE24 using the equation of state
for an ideal gas.22 In� ow/out� ow conditionsare imposedat the open
boundariesin the streamwisedirection,and stagnant� ow conditions
are imposed at the cross-streamboundaries;in� ow conditionsmod-
eling the initial ( jet exit) conditions include specifying the mass
density and velocities.Axial forcing is implemented to facilitate the
analysis of the results by superimposing on the freejet velocity U0

an axial, time-dependent,sinusoidalperturbation(2.5% rms of U0 ).
This weak axial forcing involves a nondimensional Strouhal fre-
quency, f De=U0 D 0:5 (consistent with observed jet preferred fre-
quencies in laboratory experiments), where De is the jet equivalent
diameter, de� ned as the diameter of a circular jet having the same
cross-sectional area, i.e., De D .2=

p
¼/D, where D is the length

of the sides of the square jet. The suitability of this jet simulation
approach is supported by the very good agreement found between
near-� eld growth rates of unforced experimental ori� ce jets with
nearly laminar initial conditionsand the correspondinggrowth rates
of weakly excited jets such as investigated here.21

The Cartesian computational grids used in the computational
studies reported here consist of evenly spaced cells in the shear
� ow region of interest. Geometrical stretching in the cross-stream
direction outside of the latter region is used to implement the open
boundaryconditions.The gridsare held � xed in time, with Courant–
Friedrichs–Lewy number CFL D 0:5, and typically use between
120 £ 87 £ 87 (grid C with a characteristic cell size of 21) and
240 £ 174 £ 174 (grid F with cell size 1) computationalcells. Sim-
ulations were also performed on an intermediate-resolution grid
using 150£ 110 £ 110 cells (grid I with cell size 1.51). The com-
plete computational domain has a streamwise extent of approxi-
mately 7De and extends up to §5De away from the jet axis in the
transverse directions.

The numerical methods used in the transitional jet simula-
tions are based on splitting the integrations for streamwise con-
vection, cross-stream convection, and other local processes (vis-
cosity and thermal conduction) in the discretized Eqs. (2) and
(3). Using this framework, the time integration is performed as
Un C i

P D [ 23. 1Un
P /], where U D [½; ½v; ½e]T , and where the

streamwise, cross-streamwiseand localizedoperators 1 , 23, and
are de� ned as follows:

Table 2 Nominal parameters for the simulation of transitional free square jets

Run Grid Total cells Cells/subvol. Re Simulation De=µ

rc40 F 225£ 174£ 174 140£ 140£ 140 2:2 £ 105 MILES-EU 75
rc36 C 112£ 87 £ 87 67 £ 67 £ 67 7:8 £ 104 MILES-EU 75
sg01 I 150£ 110£ 110 90 £ 90 £ 90 3:2 £ 103 MILES-NS 50
sg02 I 150£ 110£ 110 90 £ 90 £ 90 8:5 £ 104 MILES-SMG 50
sg03 I 150£ 110£ 110 90 £ 90 £ 90 8:5 £ 104 MILES-EU 50
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Here the convective � ux functions Qf C
f now also include the appro-

priate pressure gradient terms and S D S.U/ is the combined effects
of diffusive and local processes. Spatial integrations are performed
utilizing a one-dimensional FCT method for 1 (Ref. 50), a two-
dimensional FCT method for 23 (Ref. 51), and three-dimensional
central differences for . Fourth-order FCT algorithms are used,
whereas the time integration is implemented using a second-order
predictor–corrector scheme.

The gas jets investigated emerge into quiescent backgroundwith
Mach number M D 0:6. The jet and background are composed of
air at the same uniform initial temperature and pressure. Table 2
lists the various jet simulations discussed in this section, where
Reynolds number is based on De, U0 , and estimated upper bounds
of the effectivenumericalviscosityof the FCT algorithm52 (MILES-
EU) or the molecular viscosity¹ otherwise.As in the case of forced
homogeneous isotropic turbulence, thermal effects are neglected.

Figure 7 compares typical jet visualizationsbased on the velocity
data from run rc40 with the corresponding one (at the same time)
for rc36. Flow direction is from bottom to top, and the vorticity
levels visualizedare in the range between 5 and 70% of peak value.
Data have been separatelynormalizedwith correspondingpeak val-
ues. Boundaries of downstreamsampling subvolumes are indicated
schematically. Because simulations rc40 and rc36 were performed
on grids F and C, respectively,with otherwise identical conditions,
their comparison provides an assessment on the dependence of the
jet dynamics on � nite Reynolds number and can also be used to
address issues of spatial resolution of the simulations. The jet vi-
sualizations in Figs. 7 involve instantaneous volume (ray-tracing)
renderingsof the vorticity magnitude j!j. The free square jet devel-
opment is controlledby the dynamics of interactingvortex rings and
braidvortices21 includingthe following:deformationof virtually� at
(or square) initial vortex rings due to Biot–Savart self-induction;
hairpin (or braid) vortices aligned with the corner regions, forming
in the initial jet shear layer due to vorticityredistributionandstretch-
ing induced by the self-deformation of the vortex rings; and strong
interactionsbetween ring and hairpinvorticesleadingto their break-
down as they become more contorted and incoherent farther down-
stream, where the � ow is characterizedby elongatedworm vortices
resembling those typical of fully developed turbulent � ows.15;16

Figure 7 shows good agreement on the large-scale dynamics of
ring and hairpin vortices near the jet exit, hence indicating their
somewhat faster breakdownfartherdownstreamfor largerReynolds
number.
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Fig. 7 Instantaneous volume visualization of the vorticity magnitude
based on the database of jets rc40 (left) and rc36 (right) at the same
time.

The spectral and PDF analysis that follows focuses on the tran-
sition to turbulence in the latter portion of the jets and is used to
investigatethe small-scale jet behaviorcapturedby the simulations.
To minimize the signi� cance of � ow transients, we focus the anal-
ysis on unsteady � ow data for times t > 3t0, where t0 is the time for
streamwise convection with velocity U0 across the computational
domain. We � rst use spectral analysis to make quantitative state-
ments on the trends of the populationof the small scales in the more
disorganizeddownstreamportionof the transitionaljets. The analy-
sis is basedon thevelocitydatabasesfor the rc36 and rc40 caseswith
lowestand highestReynoldsnumber investigated,respectively.Spa-
tial fast Fourier transform (FFT) analysis of the jet databases was
performed based on instantaneous velocity data on 1403 and 673

(uniformly spaced) grid subvolumesfor rc40 and rc36, respectively.
These volumes included only the appropriate downstream portions
of the jets chosen symmetrically around the centerline, as indicated
in Fig. 7. Time averaging of the velocity and kinetic energy � uctu-
ation spectra is based on data sets for 20 successive times separated
by the time step 0:1= f , where f is the axial forcing frequencyintro-
duced earlier. Comparison of the instantaneous velocity spectra22

indicates an appreciable scatter of the amplitudes for small wave
numbers (for example, jkj < 5, for rc40) showing the unsteadiness
of the contentsof the volume analyzed (due to large-scalestructures
entering and/or leaving the volume) and with the low-wave-number
spectralfeaturesbeing speci� cally dependenton the imposednozzle
geometry and axial forcing frequency. However, the scatter of the
amplitudes is fairly small otherwise for the larger wave numbers,
for which we thus expect the FFT and PDF analysis that follows to
be meaningful.

The largest wave number for which spectral amplitudes are plot-
ted in Fig. 8 corresponds to a wavelength of 41. Figure 8 com-
paressimilar time-averagedkineticenergyspectrafor rc36 and rc40.
As discussed earlier, because these runs were performed on grids
F and C with otherwise identical conditions, the comparisons in
Fig. 8 re� ect on both the spatial resolution of the simulations and
the sensitivity of the spectra to changes in Reynolds number. The
spectrum shows a small inertial range, characterizing the vortical
motions consistent with the k¡5=3 (inviscid) subrange of the Kol-
mogorov K41 theory. This inertial range is followed by faster de-
cay of the amplitudes due to the FCT dissipation for wavelengths
¸ < 101. This limiting length scale corresponds to approximately
twice the smallest characteristic (full-width) cross-sectional length
scales of the elongated vortex tubes in the transitional region of
the jet.22 Figure 8 reaf� rms the convergence features suggested
by Fig. 7 by showing similar trends and self-similar behaviors for
large k.

Figure 9 compares PDFs of j!j, based on subvolume velocity
data for rc36 and rc40, with PDFs based on the higher-Reynolds-
number DNS turbulence data15 (ReT D 96 and 168). As in the pre-
ceding section, j!j is scaled with its rms value j!jrms for each jet

Fig. 8 Time-averaged kinetic energy � uctuation spectra for rc36 and
rc40 based on 20 subvolume datasets taken over a time interval of 2/f .

Fig. 9 PDFs of the vorticity magnitudefor jets rc36 and rc40 simulated
with MILES-EU.

subvolume datum, which de� nes a characteristic scale. Evaluation
of j!jrms is based on velocitydata over a time interval 2= f . A major
difference between jet data such as considered here and homoge-
neous turbulence data relates to the behavior of the PDFs of the
vorticity magnitude for small values of j!j. Because of the transi-
tional and nonhomogeneous nature of the jet regime, e.g., the jet
core and surroundings consist mainly of irrotational or nearly ir-
rotational � uid, probabilities of occurrence of small values of, for
example, j!j < 0:5, appear as the largest when based on jet data,
in contrast with smaller probabilities there based on analysis of the
developed homogenous turbulence data. Otherwise, for the larger
values (j!j > 0:5), PDFs based on both transitional jet � ows and
homogeneous turbulence show similar monotonically decreasing
trends including the range (1 < j!j < 3) where the slopes of the
PDFs appear independent of Reynolds number and tend to coin-
cide.Here we chose to disregard the small j!j behaviorof the PDFs
(closely linked to the speci� c different natures of jet and box data)
and focus on their common features for the larger values of j!j.
For the sake of comparison of the transition to turbulence in the
simulated jet � ow with the fully developed turbulent regime, the
PDFs based on jet subvolume data were renormalized by requiring
that they coincide with the PDF of developed turbulence data at a
selected intermediate j!j (j!j D 2:5) in the said Reynolds number
independent range.

Figure 10 shows CDFs of the vorticity magnitude (for j!j ¸ 1)
for rc40 and rc36, superimposed on CDFs based on the DNS data.
Figure 10 shows good agreement of rc40 with the DNS data even
for fractionalvolumesof less than 1%, whereasdifferencesbetween
DNS and rc36 are signi� cant much before for fractional volumes
between 10 and 1%. Improved agreement with the ReT D 96 DNS
data is indicated by Fig. 10. However, it is likely that somewhat
smaller j!jrms will be obtainedby using longer time-averagingperi-
ods, which in turn will have the effect of suggesting larger effective
turbulence Reynolds number for MILES-EU on grid F. Because
worm vortices typically involve fractional volumes of order 1% or
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Fig. 10 CDFs of the vorticity magnitude for jets rc36 and rc40 simu-
lated with MILES-EU.

Fig. 11 Instantaneous vorticity distributions at a streamwise plane
passing through jet axis (bottom frames) and at a cross-stream plane at
indicated streamwise location (top frames). Boundaries of downstream
data subvolume are indicated schematically on the left: a) MILES-NS
(sg01), b) MILES-SMG (sg02), and c) MILES-EU (sg03).

Fig. 12 Time-averaged
velocity � uctuation spec-
tra based on downstream
subvolume data for the
jets of Fig. 11.

less, cf. Ref. 15, only rc40 is, thus, expected to be capableof resolv-
ing these vortices, and this is supported by Fig. 7.

Figures 11–13 compare instantaneousvorticity distributions,ve-
locity spectra, and CDFs for MILES (sg01), MILES-SMG (sg02),
and MILES-EU (sg03) jet simulations performed on the intermedi-
ate resolution I grid with identical initial conditions. The vorticity
range is the same for all cases shown in Fig. 11. Here, MILES-SMG
involves an effective viscosity including the Smagorinsky viscos-
ity, i.e., ¹eff D ¹ C ¹k with ¹k D cD N½12kDk C ¹¤, where, as earlier,
cD D 0:02 and ¹¤ is the scalar-valuedcharacteristicviscosity of the
FCT scheme and where the strain rates are evaluated based on the
raw velocity data. Spectral and CDF analysis was performed using
velocity data from the downstream portion of the jets (903 subvol-
ume indicated in Fig. 11). The instantaneous velocity � uctuations
are decomposed in Fourier space into solenoidal and compressible

Fig. 13 CDFs of the vorticity magnitude based on downstream subvol-
ume data for the jets of Fig. 11.

components.The bottom frames in Fig. 11 show virtually identical
distributionsof j!j in the lower half of the frames correspondingto
the initial larger-scalevortexdynamics,and globallysimilar but dis-
tinctlydifferentlocal featuresas we move fartherdownstream,as the
� ow regime becomes disorganizedand dominated by the presence
of elongated vortices. Fig. 12 shows similar velocity spectra for all
MILES approaches, indicating the following: 1) somewhat smaller
amplitudes for lower wave numbers associated with MILES and
MILES-SMG, showing viscous damping of resolved GS features;
2) essentially coincident high-wave-number amplitudes, re� ecting
the unresolved small-scale viscous effects; and 3) captured inertial
subrange and self-similar dissipation regions. The corresponding
CDFs of j!j compared in Fig. 13 are also very similar and agree
well with the CDFs based on DNS homogeneous turbulence data,
down to fractionalvolumesof order1%, characteristicof the regions
� lled by worm vortices.

Conclusions
In conventional LES, explicit SGS models are introduced ex-

plicitly for closure, but also to provide a mechanism by which
dissipation of kinetic energy accumulated at high-wave-numbers
may occur. The MILES approach provides a promising alternative
involving the solution of the un� ltered NSE with high-resolution
monotone algorithms in which the effects of the SGS � ow physics
on the GS � ow are incorporated into the functional reconstruction.
With such methods, explicit SGS models can be dispensed with,
and the nonlinear high-frequency � lters built into the algorithms
act as minimal implicit SGS models. Comparison of various con-
ventional LES and MILES models in the studies of forced homoge-
neous isotropic turbulenceshowed that the simulated energy spectra
depend on the effects of the SGS model only toward the high-wave-
number end of the inertial range and into the viscous subrange.LES
appears to be independentof the SGS model if the resolutionis � ne
enough to ensure that the cutoff wave number lies in the inertial
subrange and if the model can adequately channel kinetic energy
out of the wave numbers close to the cutoff wave number to pre-
vent aliasing.All SGS models studied reproducedthe DK spectrum
reasonably well; in particular, it should be noted that satisfactory
results were obtained even at the lowest resolutions considered, ir-
respective of SGS model. Moreover, integral quantities evaluated
based on the energy spectra were well reproducedby all LES mod-
els, with somewhat improved predictions from the DSMG and the
MILES models. The MILES SGS viscosity is found to be fairly
uncorrelated with the coherent structures, although for most con-
ventional LES models, the SGS viscosity is found to peak between
closely spaced tubular vortical structures or fat worms, which are
regions experiencingintense strain and vortex stretching.Our com-
parisons indicate that (at least for free shear � ows) the MILES ap-
proach is generally not worse, and in fact, they suggest that MILES
tends to be better once the cutoff wavelength lies within the inertial
subrange.

The use of different SGS models in the simulation of developed
turbulence results in somewhat different tails of the CDFs of the
vorticity magnitude, depending on the speci� c model and grid res-
olution. However, the variable tails involve very small fractional
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volumes, and all models consideredconsistentlyreproduced the ba-
sic behavior predicted by DNS: Most of the volume of the resolved
� ow is occupiedby a relativelyweak vorticity with intense vorticity
regions amounting to only a very small fraction of the volume. The
presence of fat worm vortices was clearly captured in the present
643 SMG and MILES turbulencesimulations;thinnerworm vortices
were resolved for the intermediate- and � ner-resolution jet simula-
tions based on the MILES approachfor which CDFs of the vorticity
magnitude agreed very well with CDFs based on DNS turbulence
data for fractional volumes of up to 1% or less.

Comparison of MILES of transitional freejets initialized with
identical laminar conditions,based on the Euler equations(MILES-
EU), and the NSE, with (MILES-SMG) or without (MILES)
Smagorinskyviscosity, showedvery similar results and good agree-
ment with DNS of homogeneous turbulence on their downstream
transitionalregions,including1)capturedinertial subrangeandsim-
ulated self-similar dissipation regions within the velocity spectra
and 2) almost identical CDFs of the vorticity magnitude. These
results reaf� rm the virtual independence of SGS model when ade-
quate resolution is involved and in particular support the suitability
of the more economical MILES-EU approach for the moderately
high-Reynolds-numberfree shear � ow regimes.

The MILES procedure is to be distinguishedfrom UDNS relying
on arbitrary methods to emulate the additional required damping,
which will not necessarily ensure the correct distribution of energy
on the GSs in general. When using MILES, monotonicity and pos-
itivity are automatically enforced at length scales of the order of a
few grid cells. These features may not be necessary when we fo-
cus on the well-resolved, larger � ow scales. In this case, using a
nonmonotone, implicitly implemented SGS model might also be
adequate,e.g., as in Ref. 14, using a third-orderupwind biased con-
vection algorithmwith a fourth-orderdissipationterm that channels
the GS � uctuations smoothly into the unresolved part of the iner-
tial subrange. Otherwise, if the cutoff lies well within the inertial
subrange, monotonicity and positivity are attractive features when
steep velocitygradientsare involved,if some emulationof the worm
vortices characteristic of high-Reynolds-number turbulence at the
near-dissipationscale is desired (as well as capturing shocks and/or
ensuring that energy, mass density, and species concentrations re-
main physical, with minimal spurious effects on the well-resolved
large-scale� owfeatures).Moreover,in turbulentdecaystudiesin the
latter well-resolved simulation regime,16 MILES/PPM was shown
to be capable of emulating the experimentally observed shallower
slope (compared to Kolmogorov’s K41 slope) of the energy spectra
in the near-dissipationregion. This can be interpreted as indicating
that, in spite of relying on inherently dissipative-type SGS mod-
eling, MILES can implicitly incorporate some degree of desirable
backscatterdependent on the existence of the simulated dissipation
region, but fairly independent of its precise nature.

We have shown that MILES can be consistently regarded as im-
plicitly implemented LES and have developed a formalism pro-
viding mathematical and physical constraints that can be used as
guidelines in choosing � ux limiters, a choice effectively similar to
that of choosing an SGS model in the context of the conventional
LES approaches.Becauseof thenonlinearnatureof the � ux limiters,
however, further study is requiredto determineways of constructing
practical MILES schemes in this context. Additional requirements
on SGS modeling based on topologicalconstraintsare also relevant
here. The incorrect stress–strain correlation in eddy-viscositymod-
els has been noted,e.g., in Ref. 43, as responsiblefor the expectation
that at best we get good approximationsof the turbulentenergy dis-
sipation,but not so for the Reynoldsstress in the context of this type
of model. This drawback can be traced to the inherently different
topological features of the strain and Reynolds stress tensors, e.g.,
Ref. 53, and the particular (isotropic) way in which a relationship
is forced upon them through the use of a Smagorinsky-type SGS
viscosity. In seeking improved LES, the MILES framework might
offer an attractive alternative, due to the inherently tensorial nature
of its SGS viscosity.

When turning to more complex � ow problems in domains con-
tainingwalls and requiringnonuniformcomputationalgrids,MILES
may have some advantage over conventionalLES because there is
no explicit � ltering in MILES and, therefore,no commutation error

arises as it would in conventionalLES. This may or may not be of
practical importance because the commutation error is found to be
small in the wall proximity,24 and it is normally lumped into the
a priori unknown SGS stress tensor and � ux vector. However, if
it is of interest to obtain a mathematically stringent LES formula-
tion, then this problem should be investigated at greater detail. Of
more direct consequence is how the SGS stress tensor in both LES
and MILES behaves on nonuniform grids and, in particular, how
it behaves in the near-wall region. An asymptotic analysis of the
� ow in the wall proximity shows that B11 D O.x2

2 /, B22 D O.x4
2 /,

B33 D O.x2
2/, and B12 D O.x3

2/, where x2 is the coordinate in the
wall-normaldirection.From the de� nitionof the implicit SGS stress
tensor, it is clear that these relations do not hold irrespective of the
choice of � ux limiter. Preliminary MILES of fully developed tur-
bulent channel � ows using the described MILES model have been
undertaken by the authors and will be the subject of a forthcoming
investigation.
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